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BY 
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ABSTRACT 

Let G be a nonsolvable transitive permutation group of prime degree p. Let P 
be a Sylow-p-subgroup of G and let q be a generator of the subgroup of 
N~(P) fixing one point. Assume that I N~(P)] = p ( p  - I) and that there exists 
an element j in G such that J-~qi = q~P+'/2-Weshallp rovethata group that 
satisfies the above condition must be the symmetric group on p points, and p 
is of the form 4n + 1. 

Let G be a nonsolvable transitive permutation group of prime degree p on a 

set fL Let  P be a Sylow p-subgroup of G, N~(P)  the normalizer of P in G and 

Q = ( N ~ ( P ) L  the subgroup of N~(P)  fixing the point a EFt.  If IN~(P)I = 

p ( p -  1), then it is known that G is triply transitive and according to a 

conjecture of N. Ito, G is S~, the full symmetric group on p elements (see [5], p. 

618, 2.17(a) or [7]). We note that Q is cyclic of order p - 1 ([3] Lemma 2.1) and 

we prove the following special case of Ito's conjecture: 

THEOREM. Let G be a non-solvable transitive permutation group o[ prime 

degree p on a set fL Let  P be a Syiow p-subgroup o[ G and let q be a generator o[ 

Q = (N ~ ( P) L  [or o~ E IL Assume that ] N~(P) I = p(p  - l) and that G contains 

an element j such that j - lq j  = q~p+m~/2. Then G coincides with Sp and p is of  the 

form 4n + I. 

If x is a positive integer, we note by ~b(x) the numbel' of natural numbers 

which are relatively prime to x and are smaller than x. The following corollary 

follows from the above theorem: 

COROLLARY. Let p be a prime of  the form 4n + 1 and let G be a nonsolvable 

transitive permutation group of  degree p on a set ~.  Let  a E ~ and let P be a 
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Sylow p-subgroup of  G. Put Q = (No(P )L  and ck(p - 1) = 2km where m is odd. 

Assume that [ N o ( P ) : P I = p - 1  and that 2 k divides INo(Q):Q]. Then G 

coincides with So. 

PROOF OF COROLLARY. Let  G~ be the stabilizer of o~ in G. Then since Q is a 

semiregular subgroup of G~ and I Q [ = p -  l, we get that Q is regular on 

f ~ -  {a}. But Q is abelian, so we get that Coo(Q) = Q ([9] p. 9). The fact that Q 

fixes exactly one point a implies that Co(Q)C_No(Q)C_G~. Therefore  

Co(Q) = Q and No(Q) /Q is isomorphic to a subgroup A of Aut(Q) .  Since 

Aut(Q) is abelian of order  tk (p - 1), the assumption implies that A contains the 

Sylow 2-subgroup of Aut (Q). Now p = 4n + 1 implies that p - 1 and (p + 1)/2 

are relatively prime and consequently the function f mapping every element of 

Q into its (p + l ) /2 th  power is in Aut (Q). But since ((p + 1)/2) 2 -  1 (rood 

p - 1), we get that f2 = l so that f ~ A. Now if jQ is the inverse image of f in 

No(Q)/Q, then j is the required element in the theorem, and the corollary 

follows. 

PROOF OF THEOREM. If p = 4n + 3 then (p - l, (p + 1)/2) ~ l and hence 

I ql~lq<P§ I. That contradicts the existence of j. Hence  p = 4n + I. The rest 

of the proof is based on Theorem 1 in [3]. We will show that all primes 

p = 4n + 1 satisfy the condition of that theorem with few exceptions. Let  

GF(p) be the field with p elements and let Ak be the number of elements 

x E GF(p) such that 

t . . . . .  = P = - 1  and \ ~ - - !  \ P / \ - - p - !  1, 

where (*/p) is the Legendre symbol. If x satisfies (1), we say that x belongs to 

Ak or x E Ak. In order to prove the theorem we have to show that there is 

k ~ 0, l, 2, 3, 5, 11 such that Ak ~ 0 and use Theorem l in [3]. We note that in [3] 

we have (O/p)= + 1. 

LEMMA. If  p > 10000 then A,  ~ O. 

PROOF. In this lemma we take (O/p)= 0, so that we can use [4]. By doing 

that A4 remains unchanged, since p =4n + l  implies ( x / p ) = ( - x / p ) .  Let  

x E GF(p) and define 

x + 3  
_-(1- �9 �9 (- ; - t l .  

l i f t . t i l l  ( tl 
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Clearly x ~ A, if and only if M(x)= 64. Also if x -<_ p - 6  then x ~  A, if and 

only if M ( x ) = 0 .  Therefore 64A4=E~z6M(x). Now since M(x)=<32 for 

x > p - 6  and M(p - 1) = 0, we obtain: 

(2) 164A ' -~M(x) I  < - x ~ ,  x=p-, ~ IM(x)I=<5"32" 

We next write M(x)= l + E~=,M,(x), where M,(x) is the sum of (~) terms of 

the form 

((x + u,)(x + uz)...(x + u,)). 
P 

By Lemma 1 and the end of the proof of Lemma 2 in [4], pp. 36-38, we get that 

IE~,Mt(x)l is not bigger than (~) (i -1)~/p i f /  is odd and is not bigger than 

(~) [1 + ( i - 2 ) X / p ] ,  i f / i s  even. Therefore 

I ~ , M ( x ) - p  <-__(62)+(~)2V'p+(64)(2~/p+I)+(65)4~/p+(I+4~/p). 

Hence  

(3) [~=iM(x)-p[ _-<98~/p +31.  

We combined 64A, => E~-I M(x) - 5-32 of (2) with Y.~.~ M(x) >= p - 98X/p - 31 

of (3) to get 6 4 A , _ - > p - 9 8 V ' p - 3 1 - 5 . 3 2 .  But p > 10000, so 6 4 A , > 0 .  The 

lemma is proved. 

Using a computer  program written by Professor George Purdy at the 

University of Illinois, Urbana,  we find that A, g 0 for all primes p = 4n + 1, 

0 < p < 10000, except  for the primes: 5, 13, 17,41,53,61,101,109, 197. The 

theorem holds for p = 5, 17 by [6], since q is an odd permutation ([3], Lemma 

2.2). The case p = 41 is proved in [3] (Theorem 3). If p = 101 then 18 ~ A7 and if 

p = 197 then 58 ~ A7 (see [1]), hence A7 ~ 0 and by [3] we are done. Since q is 

an odd permutation [7] (Corollary 1) proves the cases p = 109,61, and since G 

is triply transitive [8] proves the theorem for p = 53. If p = 13, then by Lemma 

2.2 in [3] we see that G contains a permutation R that has the following cycle 
structure: (0, 1, 11, 12)(6)(5,7)(2,3,4,8,9,  10). Hence 1 ~ R 6 = (0, 1,11,12) 6 and 

the minimal degree ~ of G is smaller than or equal to 4. But if G doesn' t  contain 

the alternating group, we get from [2] (p. 185 I) that /~ >___ 13/3>4.  Hence  G 

coincides with S,3. 
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